Can Quantum Gravitational Effects Influence the Entire History of the Universe? 
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In this work, a flat Friedmann-Robertson- Walker (FRW) universe with dust and a cosmological 
constant is quantized. By means of a canonical transformation, the classical Hamiltonian is reduced 
to that of either a harmonic oscillator or anti-oscillator, depending on whether A < or A > 0, 
respectively. In this way exact solutions to the Wheeler-DeWitt equation can easily be obtained. It 
turns out that a positive cosmological constant alone may account for an early inflationary regime 
and a later accelerated expansion phase, with a period of decelerated expansion in between. This 
suggests that quantum gravitational effects can influence most of the history or even the entire 
history of the Universe. 
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I. INTRODUCTION 

Recent observational data indicate that the Universe 
is going through a phase of accelerated expansion [J • 
One of the main ideas to explain this unexpected dis- 
covery consists in assuming that the the Universe is uni- 
formly filled with a mysterious fluid, of unknown nature, 
called dark energy. This exotic component, with equa- 
tion of state p/p = w < —1/3, would be responsible for 
the present accelerated expansion of the Universe. Since 
the cosmological constant A, added originally by Ein- 
stein in 1917 to the field equations of general relativity 
to make room for a static universe, acts as a homoge- 
neous and isotropic source with pj p = — 1, it reappeared 
in this scenario as the most attractive and natural can- 
didate to describe dark energy, receiving a great deal of 
attention from cosmologists [1, 0|- In fact, the currently 
available observational data are consistent with the value 
p/p = w — —1 [5], justifying the enormous theoretical 
interest in cosmological models with a A-term. However, 
the cosmological constant suffers from a serious problem: 
its theoretical value, estimated from particle physics, dif- 
fers from the value compatible with cosmological observa- 
tions by 30 orders of magnitude in energy scale [||. Thus, 
even if the sped up expansion can be phenomenologically 
well described by a cosmological constant, a theoretical 
problem remains: how to explain the enormous discrep- 
ancy between theory and experiment. Therefore, in spite 
of the possible harmony between observations and a cos- 
mological term, we should have in mind that the cosmo- 
logical term is little more than a mathematical device 
until one finds a more fundamental understanding of the 
mechanism by means of which the Universe accelerates. 

In this work, a quantum flat FRW cosmological model 
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with nonrelativistic matter (dust) and a cosmological 
constant is studied. Since the classical model presents 
singularities the quantum approach seems adequate, for 
one of the main motivations of quantum cosmology is 
to investigate whether quantum-gravitational effects can 
prevent singularities that appear in the classical theory. 
Moreover, there are some examples of quantum cosmo- 
logical models that present quantum behavior for large 
scale factor 0, [8, 9], which makes us suspect that in cer- 
tain models quantum effects may be important during 
the entire history of the Universe and not only during a 
certain phase of its evolution as, for example, close to the 
singularities. Accordingly, we are particularly interested 
in investigating if quantum effects can lead to significant 
modifications on the late-time dynamics of the Universe. 

This work is organized as follows. In section II we 
summarize the main aspects of the canonical formalism 
which will be used in the accomplishment of our work. 
In section III the FRW minisuperspace is constructed. 
In section IV the classical model is solved. In section 
V the model is quantized, and solutions to the Wheeler- 
DeWitt equation are found; the expectation value of the 
scale factor at any time is calculated and its behavior 
spelled out. In section VI we present our final comments. 
Throughout, units have been chosen such that c = % = 
16ttG = 1. 



II. THE CANONICAL FORMALISM 

In the canonical formalism, the line element is written 
as [13 

ds 2 = (-N 2 + NiN l )dt 2 + 2N i dx i dt + //,, ( /.r V/.r'. (1) 

where N is the lapse function, N l the displacement vector 
and hij the 3-metric induced on the spatial section S t . 
Denoting by ip a the matter fields, the action for gravity 
(including the cosmological term) and its sources is given 
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by 



S = J dt f d 3 xNVh[L g -2A + L m (ip a ,d^)] (2) 

where h is the determinant of the metric induced on S t , 
L m (ip, d^ip) is the matter Lagrangian and 



K 2 



3 R 



(3) 



is the usual geometrodynamics Lagrangian. Here, K — 
K i 1 is the trace of the extrinsic curvature tensor K%j and 
3 R the Ricci scalar calculated with the metric of S t . 
measures the curvature of the hypersurface St with re- 
spect to the higher dimensional space in which it is im- 
mersed and is given by 



N 



hij ) , 



(4) 



where the vertical bar denotes covariant derivative cal- 
culated with the induced metric on St, and the dot indi- 
cates a partial derivative with respect to time. 

Denoting by 7r y and ir a the momenta conjugate to hij 
and (p a , respectively, the action ([2]) can be written as 

S = J dt J (fx (7T lJ 7ly + 7r<Va - NH° - N.H 1 ), (5) 

where 



G m Tt ij % M -Vh 3 R + 2VhA + H° m (6) 



and 



(7) 



Here, the Hamiltonian densities and l-i % m are the mat- 
ter contributions to Tt° and Tt l , respectively, and 



Gijki — 



1 



2Vh 



(hikhji + huhjk — hijhki) 



(8) 



is the supermetric or DeWitt metric ll| . In ([5]) , the lapse 
function and the displacement vector act as Lagrange 
multipliers leading to the constraints 



H° = and W = 0. 



(9) 



Finally, effecting the usual quantum prescriptions 7r y — > 
—iS/5hij, TT a — > —iS/Sifa and replacing the first con- 
straint of @ by the condition Tl 0i if[hij, <p a ] — 0, where 
TiP is the operator associated with the super-Hamiltonian 
H°, we are led to the Wheeler-DeWitt equation 



(—Gijki 



S ha S h 



ki 



Vh 3 R + 2VhA + H° m )f = 0, (10) 



which gives the dynamics of the quantum theory. In the 
above equation 7i® n is the operator associated with H? m . 

For the description of the material content of the Uni- 
verse we will use the Schutz formalism 1121 for relativistic 



perfect fluids in which the 4- velocity of the fluid particles 
is written in terms of five potentials in the form 



A* 



(11) 



where s is the specific entropy and p is the specific en- 
thalpy, which is determined in terms of the other five 
potentials by the normalization condition u u u u = — 1. 
The remaining potentials a, /3, 9 and <fi have no clear 
physical meaning. One of the advantages of the velocity- 
potential formalism is that dynamical degrees of freedom 
are attributed to the fluid, from which a time variable 
can be naturally identified. In the Schutz formalism, the 
matter Lagrangian can be written as 



L, 



p. 



(12) 



where p is the fluid pressure. The matter Hamiltonian 
density is given by 



n° m = -VhT° , 



(13) 



where T ° is the time-time component of the fluid energy- 
momentum tensor 



T» = { P +p)u»u„+p5Z. 



III. MINISUPERSPACE MODEL 



(14) 



The Wheeler-DeWitt equation is a second-order func- 
tional differential equation defined on the infinite- 
dimensional space of all possible configurations of spa- 
tial geometry and matter fields, called superspace. This 
means that the Wheeler-DeWitt equation must be solved 
at each point (x) of S t , which we are unable to do with 
the presently available mathematical techniques. How- 
ever, interesting solutions can be obtained in the quan- 
tum cosmology context, where the infinitely many de- 
grees of freedom of superspace are reduced to a finite 
number by means of symmetry arguments. The subspace 
thus constructed is called minisuperspace. Homogeneous 
universes are simple examples of minisuperspace mod- 
els. Here we restrict our attention to a homogeneous, 
isotropic and spatially flat universe, whose metric is de- 
fined by the flat FRW line element 



ds 2 



-N 2 {t)dt 2 + a 2 {t)S tj dx i dx j , 



(15) 



where a(t) is the scale factor. 

To complete our model we assume that the cosmic fluid 
satisfies a barotropic equation of state pj p — w with w = 
constant. The symmetries of the line element (|15l) reduce 
the super-Hamiltonian © to the form [l3[ 



o 
Pa 

24a 



2 A a 3 



a- 3w p\ +w e° 



(16) 



where p a and p§ are the momenta conjugate to 
the scale factor a and the potential 0, respec- 
tively. Finally, performing the canonical transformation 
(a,<f>,s,p a ,p#,p s ) -> (a,i>,7j,p a ,p^,p v ) defined by 
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V. QUANTIZATION 



V = -PsP4, e , p v = p^ e s 
tp = 4> + (w+ 1)— , pj, = P4 



we get 



o 
Pa 

24a 



2Aa* + a- 3w p v 



IV. CLASSICAL MODEL 



(17) 



(18) 



The quantization procedure is greatly simplified 
by first performing the canonical transformation 
(a,V,Pa,P v ) -> it,V,P,P v ) defined by 



n/3 



« 3/2 , P 



a-^Pa, 



(25) 



which allows us to write the super-Hamiltonian (|19[) in 
the much simpler form 



1 



-M 2 +Pr r 



(26) 



From now on we shall restrict ourselves to the case 
w = (dust). Then the super-Hamiltonian (fT8| reduces 
to 



H° = - 



24a 



2Aa J 



Pv 



(19) 



In the cosmic-time gauge, N = 1, the classical equations 
of motion are given by 



dp a 



Pa 

12a 



Pa 



dPv 



= 1, 



«9H° 
da 

Pv = 



24a 2 



6Aa 2 (20) 



= 0. 



(21) 



The first of equations (f2"Tj) supplies the relation between 
■q and the cosmic time t, the second equation of (f2"Tj) says 
that is a constant and the first of equations (f2"0"|) com- 
bined with the constraint 7i° = lead to the Friedmann 
equation 



V 3 



6a 3 



(22) 



Comparing l]22[) with the usual form of the Friedmann 
equation, we find that p n = /Oo^o = P ^ * s the energy 
stored in the fluid (p is the energy density of the fluid 
and the subscript zero corresponds to the present time 
value of the quantity) . Solving the Friedmann equation 
we get 



Pr, 

4|A| 



1 



cos 



and 



a 3 (t) 



Pv_ 
4A 



cosh(V3A<) - 1 



if A < 



if A > . 



(23) 



(24) 



These solutions describe an oscillating universe and an 
eternally expanding universe, respectively. Both scenar- 
ios present singularities. We now proceed to examine 
whether these singularities persist and what the evolu- 
tion of the Universe looks like in the quantum regime. 



Applying the usual quantum prescriptions p — » p — 
—id/d^, pr, —>■ Pr) = id/dr (r = —77) and the requirement 
Tt°*S> = 0, where fi is the operator corresponding to the 
super-Hamiltonian (f2"6"|) , the Wheeler-DeWitt equation in 
mini-supcrspace becomes 



with the Hamiltonian operator H given by 
H 



3 2 

' 2 &e 8 



(27) 



(28) 



Since £ > 0, solving the Wheeler-DeWitt equation (|27|) in 
minisuperspace is tantamount to solving the Schrodinger 
equation for a particle of mass m = 1 subjected to the 
potential 



do 



-m 2 



if £ < 
if £ > 0. 



(29) 



The case A < c orres ponds to a harmonic oscillator of 
frequency u> = y3|A|/2, whereas the case A > cor- 
responds to an inverted oscillator potential, which can 
formally be obtained from the usual oscillator potential 
by the replacement ui — > iu> [14]. The infinite barrier at 
£ = reflects the condition that the scale factor a cannot 
be negative. 

Incidentally, although we have chosen the Dirac quan- 
tization method, this does not impair the generality of 
our treatment as far as quantization is concerned. Be- 
cause the super-Hamiltonian (f26|) is linear in the mo- 
mentum p v , it is well known that Dirac quantization and 
canonical quantization after a full phase-space reduction 
yield the same physics. 

On L 2 (0,oo) the self-adjointness of the Hamiltonian 
operator requires that the wave functions be restricted 
by the condition [l5[ 



#'(0,r) = 7*(0,- 



(30) 



where = /<9£ and 76 (—00, 00]. Although station- 
ary solutions can be constructed, these are not of inter- 
est since we know that we live in an expanding Universe. 
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Therefore, we must find wave functions that describe an 
evolving Universe. To this end, we need the propaga- 
tor for the Schrodinger equation (|27p in the restricted 
Hilbert space L 2 (0,oo). To our knowledge, this propaga- 
tor is not known for arbitrary 7. Therefore, here we limit 
our discussion to the cases ^(0,t) = and \&'(0, t) = 0, 
that is, 7 = 00 and 7 = 0, respectively. In such cases the 
propagator is given, respectively. 



rtiverv. in su 

, by nans 



(31) 



and 



G (t, r) = G(£, r) + G(£, r), (32) 

where G(£, t) is the usual propagator in the standard 
Hilbert space L 2 (— 00, 00). 

A. The case *(0, r) = (7 = 00) 



For A < 0, the Hamiltonian 



refers to a harmonic 
oscillator of frequency to = y/3 | A|/2 and m — 1, so that 
the usual propagator is given by 



2tt% sinwT 



1/2 



exp^ 



2 sinwr 



x [(£' 2 -K 2 )coswt-2£'£]}. (33) 

Let us take for initial wave function 
T6(aw) 3 i 1 /4 



0) 



f e -*(«+</J)* 7 a > 0, (34) 



where the real parameters a and /3 are left arbitrary in 
order to allow a certain freedom of choice within the re- 
stricted class of Gaussian initial wave functions. The 
wave function at any time is 

/>OG 

*o(£,t) = / dgGooit, r)# o (C',0) 
Jo 

dfGfc C r)¥ o (£',0), (35) 



where we have taken advantage of the fact that ^ (£,, 0) 
is an odd function of £ to extend the integration to the 
whole real line. Inserting (|3"3"|) and (|3"4"1) in (|3"5|) we obtain 



where 



16(aw) E 



7r z 6 (r) 



1/4 



6 exp 



z(t) 



(36) 



z(t) = coswt — /3sinwr + ia sinwr. 



(37) 

Now, by (EH) we have that a = (3/16) 1/3 ^ 2/3 , so that 
the expectation value of the scale factor is 



(a)o(r) 



3 \V3 
16/ 

2 / 3 



Jo 



(38) 



2aa;7r 3 / 2 
+ (a 2 +/3 2 )sin 2 wr 



COS LOT 



(3 sin 2wr] . (39) 



(a)l(r) 



It can be clearly seen from f|3T[) and (|38|) that (a) never 
vanishes, indicating the absence of singularities in the 
quantum theory. By (|21[) , we have that the time r and 
the cosmic time t are related by r = T — t, where T is a n 
integration constant. Remembering that 00 = y / 3|A|/2 
and choosing 2loT = tan" 1 [2/3/(a 2 + 1 - 1)] so that 
(a) is minimum when t = 0, equation (|39p takes the 
form 



(a)»(t) - 3 ( 1 + « 2 +^ 2 ).3/H 



2av/3 7r 3 |A| 



(7) 



y/(l - a 2 - /3 2 ) 2 + 4/? 2 
1 + a 2 + /3 2 



cos(V3|A|i) . 

(40) 



Comparing this equation with ([23| we see that a can 
be considered a measure of how nearly "singular" the 
universe is at t = 0, in the sense that the closer a is to 
zero the denser and hotter the universe was at t = 0. 
For [3 — and a = 1, (a) is constant and the squared 
modulus of the wave function (|36p is time independent, 
so that in this case (|36|) may be considered as describing 
a static universe. 

For A > 0, the wave function t) can be obtained 
by making to — ► in (|33[) and using the identities 
cosix = cosh a; and sinza; = isinhic. Proceeding in this 
fashion, the propagator for the anti-oscillator is found to 
be 



1 1/2 r 
-] expj. 



27ri smh(wr) L2sinh(cjr) 
x [(e' 2 +e 2 )cosh(cr)-2C'e]}. (41) 



Picking the same initial wave function (134|) , equation 
now yields 



16(a w) 



7rC 6 (r) 



1/4 



£ exp 



" C(r + i£) 2 
2 C(r) ? 



(42) 



where 

C(t) = coshwr — (3 sinhcJr + i a sinh lot. (43) 
In this case, the expectation value of the scale factor is 
2 / 3 \V3„/11> 



12/3 



(44) 



2au 7r 3 / 2 

+ (a 2 +/3 2 )sinh 2 (wr) - /3 sinh(2 w t)] ,(45) 
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which is never zero. In terms of the cosmic time, making 
2ojT = tanh _1 [2/3/(1 + a 2 + /3 2 )], so that d(a)/dt = Oat 
t = 0, the expectation value of the scale factor becomes 

2 a V 37r l A l V 6 



'(l + a 2 +/3 2 ) 2 -4/? 2 



(a 2 + /3 2 



cosh(V3/U) - 1 . 

(46) 



We assume a 2 + (3 2 > 1 in order that the second time 
derivative of (a) (t) may have zeroes, as will be discussed 
below. Note that the expectation value of the scale factor 
bounces at t — 0, when its value is as small as possible. 
Again, the closer a is to zero the denser and hotter — or 
nearly singular — the universe was at the bounce. 

For A > 0, the influence of the quantum gravitational 
effects on the late-time dynamics of the universe can be 
revealed by evaluating the times t» at which the accel- 
eration changes sign and comparing the classical values 
with those obtained from the quantum model. The times 
f * are the zeroes of the second derivative of the scale fac- 
tor, in the classical theory, or of its expectation value, 
in the quantum theory. For a function / of the form 
f(t) = g(ty/ 3 one has f — only if 3gg = 2g 2 . From 
(|24| the classical theory furnishes a single time 



t'i 



1 



'3 A 



icosh 1 2. 



(47) 



whereas from (|46j) the quantum theory yields the two 
times 



1 , _! /3± V9- 8 k 2 

: COSh ' 



/ 3A 



2k 



where 



'(l + a 2 + /? 2 ) 2 -4/3 



(a 2 + [3 2 



(48) 



(49) 



Since are real numbers and a > by definition, we 
have that 1 < k < 3/2 y/2. Thus, the times tl_ and t% + 
lie, respectively, in the ranges 



< tl < 



'3 A 



: cosh" 1 y/2 



and 



/3A 



: COSh' 



1 V2 < tl + 



(50) 



(51) 



The time t\_ marks the end of an early accelerated ex- 
pansion phase started right after the bounce and the be- 
ginning of a phase dominated by nonrelativistic matter. 
The time t\ , represents the beginning of the present 
phase of accelerated expansion of the Universe. Our 
quantum model entails that the Universe's present phase 



of accelerated expansion should have started earlier than 
predicted by the classical theory, and suggests that a sin- 
gle cosmological constant can account for both an early 
inflationary phase and the present accelerated expansion 
of the Universe. 

In order to give an estimate of the times we write 
A = 3-ffo^A and take J7a = 0.7, as indicated by the 
current observational data. Thus, we have that the time 
t1_ lies in the range 



<tl_ < 0.35 H^ 1 
and the time t1 + lies in the range 

0.35 Hq 1 < tl + < 0.52 Hq 1 , 



(52) 



(53) 



that is, the early accelerated expansion phase occurred 
between 14 and 9 billion years ago, and the present ac- 
celerated expansion began between about 9 and 7 billion 
years ago. 

The above results hold true only if a 2 +(3 2 > 1, that is, 
for a subset of the class of initial wave functions (I34"]) . If 
a 2 + (3 2 < 1 the expectation value of the scale factor de- 
scribes a forever accelerated expansion from the bounce 
at t = 0. This suggests that observational data on the 
relatively recent evolution of the Universe may shed some 
light on what the initial quantum state of the Universe 
might have been. 



B. The case *'(0, r) = (7 = 0) 

Now, in order to have a taste of the problem whether 
the choice of a different self-adjoint extension of the 
Hamiltonian operator can modify our results, we take the 
initial state described by the normalized wave function 

M£,0)=(^) V Vf(^ 2 , a>0, (54) 

which satisfies the boundary condition (150)) with 7 = 0. 
Since x I / e (^, 0) is an even function of £, the wave function 
at any time is given by 

/>oo 

*«(£,r) - / d?Go(S, r)* e (£',0) 
Jo 

d?G(Z, r)* e (€',0). (55) 



(56) 



For a negative cosmological constant, we have 



r) 



4a lu 



IT Z 2 {t) 



1/4 



exp 



z(r) 



where z(t) is given as before by ([57)) . In this case the 
expectation value of the scale factor is 



(a)e(r) = - (o)o(r) 



(57) 
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with (a)o(r) given by (|39|) . 

For A > 0, the wave function at any time is 



" 4aw " 


1/4 r 




exp 



CM 



(58) 



where £(r) is given by (|43|) . The expectation value of the 
scale factor is 



(a)e(V) = - (a)o(r) 



(59) 



with (o) (r) given by 1@5|) . 

This last result means that our previous conclusions 
concerning the case A > remain the same. 



VI. CONCLUSIONS AND OUTLOOK 

We have shown how to obtain exact solutions to the 
Wheeler-DeWitt equation for a flat FRW universe with 
dust and a cosmological constant. In the case of negative 
cosmological constant, the classical scale factor evolves 
from a singular beginning (Big Bang) to a singular end 
(Big Crunch). Quantization leads to a nonsingular and 
forever oscillating model, since the expectation value of 
the scale factor never vanishes. For positive cosmological 
constant, the classical scale factor grows eternally from a 
singular beginning. Quantization leads to a nonsingular 
and forever expanding universe after a bounce. 

In the more realistic case of positive A, it is remark- 
able that a single cosmological constant can give rise to 
an early inflationary phase and a late regime of acceler- 
ated expansion, with a period of decelerated expansion 



in between. Considering the crudeness of our model, this 
result gives reason for hope that a more sophisticated 
model, including radiation, may be able to provide a 
more accurate description of the several phases the Uni- 
verse is believed to have gone through. 



There are important issues that deserve further 
scrutiny. Do other self-adjoint extensions of the Hamil- 
tonian operator, that is, other values of 7 in Eci. (|30p . 
qualitatively change our results? We have checked that 
the choices 7 = and 7 = 00 lead to the same results, 
but this is a long way from proving that the results per- 
sist no matter what the value chosen for 7. The lack of a 
closed expression for the harmonic oscillator propagator 
on the half-line for arbitrary 7 is an obstacle to be over- 
come if one wishes to give an unequivocal answer to this 
question. It should not go unnoticed that the estimates 
(15^)1 and (p)3")) rely on the classical value of the cosmolog- 
ical constant. Is a fully quantum treatment, including a 
reasonable quantum estimate for A, feasible? It is also 
worth investigating whether a more fundamental descrip- 
tion of the matter content, by means of fields, affects the 
results reported here. We expect to take up at least some 
of these issues in a future work. 
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